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Abstract. av Yamabe equations are conformally invariant equations generalizing the 
classical Yamabe equation. In [38] YanYan Li proved that an admissible solution with 
an isolated singularity at G M™ to the -Yamabe equation is asymptotically radially 
symmetric. In this work wc prove that an admissible solution with an isolated singular- 
ity at <E M" to the erj; -Yamabe equation is asymptotic to a radial solution to the same 
equation on R n \ {0}. These results generalize earlier pioneering work in this direction 
on the classical Yamabe equation by Caffarelli, Gidas, and Spruck. In extending the 
work of Caffarelli et al, we formulate and prove a general asymptotic approximation 
result for solutions to certain ODEs which include the case for scalar curvature and ak 
curvature cases. An alternative proof is also provided using analysis of the linearized 
operators at the radial solutions, along the lines of approach in a work by Korevaar, 
Mazzeo, Pacard, and Schoen. 



1. Description of the results 

In a classic paper [I] Caffarelli, Gidas, and Spruck proved the asymptotic radial sym- 
metry of positive singular solutions u to the conformal scalar curvature equation 



. . n(n — I) n+2 . , 
(1) Au(x) + — J - U ^(x) = 



on a punctured ball, and further proved that such solutions are asymptotic to radial 
singular solutions to ([1]) on IR n \ {0}. To describe the results of j3] more precisely, we 
first describe the radial solutions to (JT]) on -Br(O) \ {0} for < R < oo. A positive 
solution u to ([!]) corresponds to a conformal metric 



4 

u n ~ 2 (x)\dx\ 
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with scalar curvature n(n — 1). Using the polar coordinates x = r9, with r = \x\, and 
9 G we can introduce cylindrical variable t = — lnr, so that 



4 

(2) g = u^(x)\dx\ 



n-2 

r 2 uirt 



4 
n-2 



(r- 2 dr 2 + d6 2 ) = U^{t, 6) (dt 2 + d6 2 ) 



n 2 

where U(t,9) = r^~u{r9). Computing the scalar curvature of g in terms of U and the 
background cylindrical metric dt 2 + d9 2 , we can transform ([!]) into 



(3) Utt(t,e) + Asn-iU(t,e) 



(/, - 3 ^,g) + n( V 2) ^(t,g) = o. 



4 



If = is a radial positive solution to ([I]) in some -Br(O) \ {0}, then i/}(t) 

n — 2 

U(t, 9) = r^~u(r9) is a positive solution to the ODE 



(4) 



, . , (n - 2) 2 , , . n(n - 2) , ™ +2 . , 

- 1 4 ; + 1 4 = o, 



for t > — In i£. Solutions to (jlj) has a first integral: 



# := 



,,,,, , (^-2) 2 



const. 



along any positive solution ip(t). In fact, positive solutions U to (j3J) globally defined on 
the entire cylinder R x § ra_1 (thus positive solutions m to |I| on l n \ {0}) are classified 



m 



14]. 



Theorem A. (^) Let U(t, 9) be any positive solution to (J3]) defined on the entire cylin- 
der 1 ^ x S n_1 . If is a non-removable singularity of u in the sense that 

liminf min U(t,9) > 0, 



then U is independent of 9. Moreover U(t) is aperiodic solution of (jlj) with < U(t) < 1 
for all t e R and £/ie /£rs£ integral H < 0. VFe refer to t/iese solutions as global singular 
positive solutions to ([3]). If is a removable singularity of u in the sense that 

liminf min U(t,9) = 0, 
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then the corresponding u(x) = e 2L ^ lt U{t } 0) = |x| _Ii 2^f/(— In \x\, A) is identically equal 



to ( tttt ) in R n for some and a > 0. 

\1 + a 2 \x — x\ 2 J 

Thus global singular positive solutions U(t, 6) to (j3J) defined on the entire cylinder 
R x can be parametrized by two parameters: its minimum value e > and a 

moment T when it attains this minimum value. It turns out that the minimum value 
e > of global singular positive solutions to d2J) has the restriction < e < e , where 

n-2 

e = ( n ^) 4 • For any such e, let if) e (t) denote the solution to (j3J such that ^(O) = e 

and i/j' e (0) = 0. Then any global singular positive solution to can be represented as 
ipe(t + t) for some < e < e and r. 

The main results in [1] on the asymptotic behavior of a positive solution to ([1]) in 
Br \ {0} can be stated as 

Theorem B. (\A\) Suppose that u(x) is a positive solution to ([1]) in Br \ {0} and does 
not extend to a smooth solution to ([T]) over 0, then 

(5) u(x) = u(\x\) (1 + 0(\x\)) asx^O, 
with 

u(\x\) = { u(\x\9)d9 

being the spherical average of u over the sphere dB\ x \(0); furthermore, there exists a 
radial singular solution u*(\x\) to ([TJ) on W 1 \ {0} and some a > 0, < e < eo and r 
such that 

(6) u{x) = u*(\x\) (1 + 0(|x| Q )) as |a?| — »• 0. 
and 

it*(|rc|) = | a: | 2 ( — In |x| + r) as |x| — > 0. 

A key ingredient in the proof in [J] of Theorem B uses a "measure theoretic" variation 
of the moving plane technique, which had been developed by Alexandrov [I], Serrin |49j, 
and Gidas-Ni-Nirenberg [T7j to prove symmetries of solutions to certain elliptic PDEs. 
Subsequent to [1] there have been many papers related to the theme of Theorem B, 
including [T3], [2Z], [32], and [SD], among others. In particular [52] gives a proof of <$5§ and 
provides an expansion of u after the order using rescaling analysis, classification 
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of global singular solutions as given by Theorem A, and analysis of linearized operators 
at these global singular solutions. 

Our objective in this paper is to study similar problems for singular solutions in a 
punctured ball to a family of conformally invariant equations which include (JT|). More 
specifically, we consider singular solutions to the equation 

(7) o"fc(g 1 ° A g ) = constant, 

on a punctured ball {i6l™:0< \x\ < R}, where 

1 R 

A ° = —2 {RlC ° ~ 2(^1)^' 

is the Weyl-Schouten tensor of the conformal metric 



g = u n ~ 2 (x)\dx\ 2 , 

RiCg and R g denote respectively the Ricci and scalar curvature of g, and a k (g~ l ° A g ) 
denotes the fc-th elementary symmetric function of the eigenvalues of A g with respect to 
g, and < R < oo. Due to the transformation law, see e.g. [52] , 



Ag — A go + 



V 2 w + dw ® dw — -|Vw| go 



when g = e 2w go, and 

a k (g~ l o A g ) = e 2kw a k {g^ o A g ), 

((7|) is equivalent to 

(8) a k {g l o {A go + V 2 w + dw ® dw - ^| Vw\ 2 g }) = ce~ 2kw , 

for some constant c, where we will often take go to be the round cylindrical metric 
dt 2 + d6 2 on R x § n_1 , which is pointwise conformal to the flat metric \dx\ 2 on W 1 as 
seen through (j2J). For ease of reference, we also record an equivalent formulation of (jHJ) 
in terms of u(x) through the transformation ([2]): 



S) o"fc (—(n — 2)u(x)V 2 u(x) + nVu(x) ® Vu(x) — |Vw(x)| 2 Id) = 2 ^ 2fc ^"~" 2 (^) 
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The study of singular solutions of equations of the above type is related to the char- 
acterization of the size of the limit set of the image domain in S n of the developing 
map of a locally conformally flat n-manifold. More specifically, one is led to looking for 
necessary /sufficient conditions on a domain Q C § n so that it admits a metric g which is 
pointwise conformal to the standard metric on § n , complete, and with its Weyl-Schouten 
tensor A g in the class, i.e., the eigenvalues, Ai < • • • < A n , of A g at each iGll satisfy 

<Jj(\i, • • • , A n ) > for all j, 1 < j < k, in the case of T^; and (— l) J Vj(Ai, • • • , A n ) > for 
all j, 1 < j < k, in the case of . For k > 2, it is often restricted to metrics whose Weyl- 
Schouten tensor is in the Tf class, because, for a metric in such a class, ([8]) becomes a 
fully nonlinear PDE in w that is elliptic. In the case of k — 1, is simply a positive 

constant multiple of the scalar curvature of g; so A g in the class is a generalization 
of the notion that the scalar curvature R g of g having a fixed ± sign. For the positive 
scalar curvature case, Schoen and Yau proved in |48j that if a complete conformal met- 
ric g exists on a domain Q C S n with having a positive lower bound, then the 
Hausdorff dimension of dfl has to be < (n — 2)/2. In [UJ Schoen constructed complete 
conformal metrics on S n \A when A is either a finite discrete set on § n containing at least 
two points or a set arising as the limit set of a Kleinian group action. Later Mazzeo and 
Pacard [41] proved that if Q C S n is a domain such that S n \Q consists a finite number of 
disjoint smooth submanifolds of dimension 1 < k < (n — 2)/2, then one can find a com- 
plete conformal metric g on Q with its scalar curvature identical to +1. For the negative 
scalar curvature case, the results of Loewner-Nirenberg [39|, Aviles [2J, and Veron [51] 
imply that if Q C S n admits a complete, conformal metric with negative constant scalar 
curvature, then the Hausdorff dimension of dQ > (n — 2)/2. Loewner-Nirenberg [39J also 
proved that if Q C S n is a domain with smooth boundary dfl of dimension > (n — 2)/2, 
then there exists a complete conformal metric g on Q with <7i(A g ) = — 1. This result was 
later generalized by D. Finn [16] to the case of dQ consisting of smooth submanifolds of 
dimension > (n — 2)/2 and with boundary. For more recent development related to the 
negative scalar curvature case, see [33], [33], [30] and the references therein. The con- 
sideration of singular solutions of equations of type (E]) can be considered as a natural 
generalization of these known results. In fact, in [TT], Chang, Hang, and Yang proved 
that if Q C § n (n > 5) admits a complete, conformal metric g with 

vi{A. g ) > ci > 0, a 2 (A g ) > 0, and 

(9) \Rg\ + \VgR\g < C , 

then dim(S n \ Q) < (n — 4)/2. This has been generalized by M. Gonzalez [TH] and Guan, 
Lin and Wang [21] to the case of 2 < k < n/2: if Q C § n admits a complete, conformal 
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metric g with 

&i(A g ) > ci > 0, o- 2 (A g ), ■■■ , cr k (A g ) > 0, and 

fl9]), then dim(§ n \ Q) < (n - 2k)/2. 

We restrict our attention in this paper to singular solutions with isolated singularity. 
We say a solution to (jHJ) or (jHQ) is in the class in some region if its associated Weyl- 

Schouten tensor is in the there; for a positive function u to (Mjl . this means that the 

matrix (— (n — 2)u(x)'V 2 u(x) + nV«(i) ® Vu(x) — |Vw(x)| 2 Id) belong to 1^* . Our main 
result is 

Theorem 1. Let w(t,8) be a smooth solution to (JSJ) on {t > t } x S n_1 in the class, 
where n > 3, 2 < k < n, and the constant c > 0. Then there exist a radial solution w*(t) 
to (151) on R x m f/ie class, and constants a > 0, C > such that 

(10) K*,0) - w*(t)\ < Ce- at fort>t + l. 

We can formulate Theorem[T]in terms of the variable u(x) defined on Br\ {0} through 

Theorem 1'. Let u(x) be a positive smooth solution to (JHU) on Br \ {0} in the class, 
where n > 3, 2 < k < n, R > 0, and c > 0, then there exist a positive radial smooth 
solution u*(\x\) to (jSJ) on M n \ {0} in the class, and constants a > 0, C > such 
that 

(11) \u(x) -u*(\x\)\ < C\x\ a u*(\x\) for\x\<R/2. 

Remark. As a consequence of Theorem^ below, the a in Theorem[J\ andUl can be any 
number in (0, 1), while the constant C depends also on a. 

Remark. The k = 1 case of Theorems^ andUi was proved in as remarked earlier. 
In the situation of Theorem[J\' , the asymptotic symmetry of u(x), a positive solution to 
(ISTjl on Br \ {0} in the class, was proved in [38], namely, for some constant C > 0, 

\u(x) — u(\x\)\ < C\x\u(\x\), 

where u(\x\) is the spherical average ofu(x). This is a generalization of the result ([5]) in 
[1] for solutions to ([T]) ; and will be a starting point for our proof of Theorem^ 

We can describe the asymptotic behavior of solutions in Theorems [T] and [U in more 
explicit terms after describing the classification results from [SJ on the radial solutions 
to (JHD for k > 1 in the class globally defined onix § n_1 . Let us first work out ([HD 
more explicitly in the case of radial solutions. 
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To fix our notations, we introduce new variables v(t, 9) and w(t, 9) such that 



7 



P) g = U ^(x)\dx\ 2 = v~ 2 (x)\dx\ 2 = U&(t, 9){dt 2 + d9 2 ) = e~ 2w{t > e \dt 2 + d9 2 ), 
where t — — In \x\ and 9 = x/\x\. Thus 



n-2 

n — 2 , . / I X I \ ^ T T / ^\ n — 2. 



(12) |x|^«(x) = ( ] = I7(t, 0) = e - 

Following the notation in [8], the Schouten tensor of g can be computed as, when v = 

v(\x\), 

j ~ ~v 2^ j ~ j ^JxY' 
with A = — (1 — r ^ L ) and u = — — — . The eigenvalues of A with respect to \dx\ 2 are 

TV v if / ' V TV ° ^ II 

A with multiplicity (n — 1), and A + ji with multiplicity 1. The formula for cr^g" 1 ° ^4 9 ) 
can be found easily by the binomial expansion of (x — A) n ~ x (x — A — /i): 



(13) a fe (^ 1 o A ff ) = Cn ik v 2k X k -\nX + fc/x), 

where c n , fc = = A © . 

Remark. TTie convention t = — lnr /iere is o/f fry a szgn with the convention in [5], and 
t/ie transformation from v to w is adjusted from [5] accordingly. 



v r {x) = e w ^ e) (-w t (t,9) + 1) = (-«;*(*, 0) + l)u(a;)/r, 

and 

t; rr (x) =e u ' (t ' fl)+t [w«(t^)-^(t^)(-w t (t,e) + l)] = [w tt (t,9)-w t (t,9)(-w t (t,9)+l)]v(x)e 2t . 
Thus when t> = f(|x|), we find w(t, 9) = t + lnt> (e - *) =: is a function of t, and 

A = V(l-a, and ^ = e 2 \i tt + e t -l). 
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Using ( 1131) . (JH|) in the radial case then becomes 



Cn,k^ 



2k(£+t) (1 £ 2 ) k 

2fc-lg2(fc-l)t 



2e 2 * 



+ k- 



~2 
at 
3 2t 



(14) 



-'n.k 



2\fc-l 



n in 



3 2fc£ 



where c nk — nc n ^ 

2 i-k = 2 i-k Q _ Thug ^ ig the radial 

case of (J7|), written in cylindri- 
cal coordinate t and the variable w(t,6) = £(£). In general, we will allow ourselves the 
flexibility of treating (jTj) either as an equation for u(x) on 5^ \ {0} or as an equation 
for U{t,6) or w(t,9) on a cylinder {(£, 0) : t > —lnR,9 G §™ -1 } with respect to the 
background metric dt 2 + d9 2 . 



Now we record the relevant part of the results in [8] regarding radial solutions of ffl4|) in 
the rj}" class on the entire M x S n_1 , when k > 1 and <7fc is a positive constant, normalized 

to be 2" fc («). 



Theorem C. ([8\) Any radial solution £(t) := w(t, 6) of (jSj) m i/ie c/ass on the entire 

R x S"^ 1 , w/ien > 1 and c is a positive constant, normalized to be 2~ k ( r ^j, has the 

property that 1 — £ 2 > /or a// £. Furthermore, h := e^ 2k ~ n '^ t '(l — £, 2 (t)) k — e _n ^ is a 
nonnegative constant. Moreover 



(1) If h = 0, then u n - 2 {\x\) = y ^+^ J for some positive parameter p. So these 

solutions give rise to the round spherical metric on K n U {oo} = 8> n . 

(2) If h > 0, then the behavior of u is classified according to the relation between 2k 
and n: 

n 

(a) If 2k < n, then h has the further restriction h < h* := 2k an d 

is a periodic function oft, giving rise to a metric g = e Tli 1 ' 11 \dx\ 2 
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on MJ 1 \ {0} which is complete. Note that the case h = h* gives rise to the 
cylindrical metric on W 1 \ {0}. 

(b) // 2k = n, then h satisfies the further restriction h < 1 and as \x\ — * ; 
g = u 1 ^- {\x\)\dx\ 2 has the asymptotic 

g ~ Ixr^-^^W = e^"^)\dt 2 + d6% 
and as \x\ — > 00, g = (\x\)\dx\ 2 has the asymptotic 

g ~ \x\-^ l+ ^^^\dx\ 2 = e 2 ^ I ^ h \dt 2 + d6 2 ). 

Thus g gives rise to a metric on M. n \ {0} singular at and at 00 which 
behaves like the cone metric, is incomplete with finite volume. 

(c) If 2k > n, then ( |x| ) has an asymptotic expansion of the form 

2 n 

u^(\x\) = P - 2 {1 - Vh-J— (M ) \ . . . } 

2k — n \ p J 

as \x\ — > ; where p > is a positive parameter, thus u(\x\) has a positive, 
finite limit, but u rr (\x\) blows up at \x\ — > 0. The behavior of u as \x\ ^00 

4 

can be described similarly. Putting together, we conclude that u 7 ^ (\x\)\dx\ 2 

extends to a C 2 ~^ metric on S n . 

We can parametrize the global singular radial solutions to (jHJ) in a similar way as 
before: for each < h, subject to any further constraints depending on 2k < or = n, as 
given in Theorem C, let denote the solution to (jHJ) with its first integral equal to 
h and such that £^(0) equals minR^(t). We can now reformulate Theorem [1] with more 
explicit information as 

Theorem 1". Let w(t, 9) be a smooth solution to (jHD on {t > to} x S n_1 in the class, 
where n > 3 ; 2 < k < n, and c > 0. Then there exist a > 0, h > 0, r and C > such 
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that 

(15) \w(t,0) -Zh(t + r)\ < Ce~ at fort>t + l. 

As mentioned earlier, the a in the above theorem can be taken as any number in (0, 1), 
while the constant C then depends on a as well. 

Using the transformation (j2lj and our knowledge of ^{t + r) as given in Theorem C, 
we can also formulate the result in Theorem [TJ' in terms of the variable u(x) defined on 
Br \ {0}. 

Corollary. Let u(x) be a positive smooth solution to (JHIJ on Br \ {0} in the class, 
where the constant c is normalized to be 2~ k (™) . If 

(16) liminf \x\~^~u(x) > 0, 

x— >0 

then 2k < n, furthermore, there exist a > 0, h* > h > 0, r and C > such that 

(17) u(x) = (1 + o(\x\ a )) |x|-^e-^ ( - ln|a;|+r) 
as x — > 0; 

If 2k > n, or 2k < n and 

n — 2 

(18) liminf \x\~^~u(x) — 0, 

then \im x ^ u(x) exists and equals some a > 0, and there exist some a > and C > 
such that 

(19) \u(x) -a\ < C\x\ a ; 

If 2k = n, then there exist some < h < 1 and a > such that 



Ixl^-v 7 ^)^) 
extends to a C a positive function over Br. 

Remark. In the case 2k > n Gursky and Viaclovsky [29\, YanYan Li [SS] had obtained 
f fT9~j) earlier, with a = 2 — |. In the case 2k < n, M. Gonzalez [20J proved that if u is 

a solution to (TIcfl) in Br \ {0} in the class such that w 4 /( n ~ 2 ) |<ia;| 2 has finite volume 
over Br \ {0} , then u is bounded in Br \ {0}. 
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As in [32], we also obtain higher order expansions for solutions to (jHJ) in the case 
2k < n. 

Theorem 2. Let w(t,6) be a solution to (jHJ) on {£ > to} x S n_1 in the class, where 

n > 3, 2 < k < n/2, and the constant c is normalized to be 2~ fc ("), and let w*(t) = 

£h{t + t) be the radial solution to (ED on R x S"" 1 in the class for which ( flOl) holds. 
Let {Yj{9) : j = 0, 1, • • ■ } denote the set of normalized spherical harmonics, and p be 
the infimum of the positive characteristic exponents defined through Floquet theory to 
the linearized equation of (JSj) at w*(t) corresponding to higher order spherical harmonics 
Yj{6), j > n — see the paragraph before LemmaU\ in Section 4 for more detail. Then 
p > 1, and when h > 0, there is a 



Wl (t, 9) = J2 a*-*-* (l + &{t + r)) W), 

3=1 

which is a solution to the linearized equation of (jHJ) at w*(t), such that 

(20) \w(t,9) -w*(t) - wi(t,0)| < Ce- miM{2 ' p}t fort>t + l, 

provided p ^ 2; when p = 2, ([2"D1 continues to hold if the right hand side is modified into 
Cte- 2t . 

Theorem [2] requires some knowledge on the spectrum of the linearized operator to (JHJ). 
We are able to provide the needed analysis, and will state them as Propositions [2] and [3] 
in section 4. Such analysis will also be needed in constructing solutions to (jSj) on § n \ A, 
and in analysing the moduli space of solutions to (jSJ) on § n \A, when A is a finite set. Our 
knowledge of the spectrum of the linearized operator to (jSj) immediately yields Fredholm 
mapping properties of these operators on appropriately defined weighted spaces, as those 
in [Hj, [13], and [32]. We will pursue these problems in a different paper. 

It turns out that either of the approaches in [1] and [32] can be adapted to prove the 
main part of Theorom [H We will provide proofs along both lines. 

The approach in [1] first proves that the radial average of the solution is a good 
approximation to the solution, and satisfies an ODE which is an approximation to the 
ODE (J4]) satisfied by a radial solution to ([3]); from this approximate ODE one proves 
that the radial average is approximated by a (translated) radial solution to ([3]). More 
specifically, [1] first proves ([S]) for a positive solution to ([T]) in the punctured ball -82(0) \ 
{0}. 
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In terms of U(t, 6) = r^~u(r9), t = — lnr = — In \x\, and 



/3{t) := \S n - l \- 1 I U(t,0)dO, 

/§«-! 



(JSJ) is reformulated as 

(21) \U(t,e)-(3(t)\<C(3(t)e- t . 

Using gradient estimates and flS}, [4] further deduces that for some constant C > 

|V(u(z) -u(|z|))| < Cw(k|), 
which, in terms of U(t, 6), t = — In r = — In and /?(£), is reformulated as 

(22) \V t , e (U(t,9)-P(t))\<C(3(t)e- t - 

It follows from ([2]), (1211) and a version of (1221) for derivatives up to order 2 that 



(23) 



„// r \ (n — 2) 2 ^.. n(n — 2) ~+2 s + s 



It is then routine to deduce from ( |23i) the following approximate first integral, which, up 
to a constant, is referred to as (7.14) in [4]: for some constant D^, 



(24) (3'\t) = h 2 (t) - (3^(t)] + + f /3 2 (t) + /3' 2 (t)) 0(e-*) 



Since j3(t) remains positive for all large t, fl24"j) demands that > > D*, where 



D* 



(n-2) 



sup 

4 /3>0 



(3 2 -p*=* 



n-2 (n-2 



n 



is determined so that for > > D*, 



(n - 2f 



sup 

/3>0 \ 1 



(3 2 -(3- 



£>oo > 0. 
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Then [4] indicates that when > Doo > D*, (3{t) is asymptotic to a translated solution 
ip(t) to (HI) whose first integral is the same as D^. When Doo = 0, [4J gives a detailed 
argument that is a removable singularity. 

We will formulate and prove a general asymptotic approximation result for solutions 
to certain ODEs which include the case for scalar curvature and curvature cases. 

Consider a solution f3(t) to 

(25) f3"(t) = f((3 / (t),(3(t)) + ei(t), t>0, 

where / is locally Lipschitz, and ei(£) is considered as a perturbation term with e\(t) — > 
as t — > oo at a sufficiently fast rate to be specified later. Suppose that \(3(t)\ + \f3'(t)\ 
is bounded over t G [0, oo). Then by a compactness argument there exist a sequence of 
ti — > oo and a solution ip(t) to 

(26) /(t)=/(V/(t),V(t)) 
which exists for all t G R such that 

(27) P(U + •) —y ip in C loc (— oo, oo) as z — >• oo. 

Theorem 3. Suppose that, for the (3{t), ip(t) and {ti} above, ip(t) is a periodic solution 
to (T26]) with (minimal) period T > 0. T/itis for some finite m < M ; 

(28) ^(I) = [m,M]. 

M^e may do a time translation for ip(t) so that ip(0) = m, ip'(0) = 0, then the approxi- 
mation property (J27J) can be reformulated as, for some s, 

(29) (3{ti + •)) - i/j(-s + -)->Q, in C} oc (-oo, oo), as i -> oo. 
Suppose that ip(t) has a first integral in the form of 

(30) H(i()'(t),ip(t)) = 0, for some continuous function H(x,y), 
where H satisfies the following non-degeneracy condition, depending on 

case (i). (ip(t) = m is a constant): there exist some €\ > 0, A > 0, I > 0, 

(31) H(x, y) > A (jx\ l + \y — m\ l ) , for any (x, y) with \x\ + \y — m\ < e%; 
case (ii). (ip{t) is non- constant): there exist some e\ > 0, A > and I > 0, 

(32) \H(0,y)\ = \H(0,y) - H(0,m)\ > A\y - m\\ for any y with \y - m\ < e x . 
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Suppose also that f3(t) has H as an approximate first integral 



(33) \H(p\t),P(t))\<e2(t), fort>0, 

where e2{t) — > as t — > oo. Without loss of generality, we may suppose that e 2 (£) is 
monotone non-increasing in t. Finally suppose that 



(34) 



/ ((e 2 (t)) 1/ ' + sup|e 1 (r)| j dt < oo. 

J0 \ T>t J 



Then, there exist some Soo and C > such that, 



(35) 



<C 



\p(t) - 4>(t - Soo )\ + \0{t) - - soo)! 

e2(t')) 1/l + sup |ei(r)| 1 dt — ► 0, as t — > oo. 



t-i 



r>t' 



In the case of (HI), we can take 



if (x, y) = x 2 



fn-21 



according to ( 1241 . Then /?(t) and if satisfy the conditions in Theorem[3l We will indicate 
how Theorem [3] can be applied to prove Theorem (TJ after we provide more background 
information on solutions to (IS]) and (HQ). 



Some comments on Theorem [3] are appropriate here. 

Remark. (a). (1321) would be satisfied with I = 1 if H y (0,m) ^ ; /or instance. As- 
sumptions (1301) . (|32|) . and (133~1) are used on/?/ near (0, m) ; and need noi 6e posed 
near iae minimum m of ip(t): the argument would go through if they are posed 
near any critical value of ip(t). 



(b). Our proof gives an exponential decay rate for \f3{t) —tp(t— s oo )\-\-\0 —ip (t — Soo)\ 
when \ei(t)\ and e 2 (t) have exponential decay rates. 

Here is a brief description of our plan for the remaining part of the paper. We will first 
summarize some needed preliminary properties for solutions to (JSJ) and ([BlJ in section 
2, then provide a proof for Theorem [1] in section 3, using Theorem [3] and several other 
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ingredients, the proof for which we supply in this section. In section 4, we provide 
the analysis for the linearized operator for (jHJ) at entire radial solutions, and use them 
to provide an alternative proof for Theorem [1] along the approach of [32]. We will also 
provide a proof for Theorem [2] here. Finally in section 5 we provide a proof for Theorem [3j 

2. Several preliminary properties for solutions to 

To adapt either of the approaches in [I] or [32] to our situation, we will need several 
key properties of solutions derived in [38]. The following is a special case of Theorem 1.2 
in [281. 

Theorem D. (\38\) Let U(t,8) be any positive solution to ([7j) defined on the entire 
cylinder R x S n ~ l . Suppose that U : ^(t,9)(dt 2 + d6 2 ) is in the class, and 

u(x) = \x\~ IL ^~U{— In Ixl, t— r) 

\x\ 

can not be extended as a C 2 positive function near ; then U is independent of 9. 

Remark. Theorem D is an analogue of Theorem A. In the setting of Theorem D, it 
follows from Theorem 1.3 in [33] that if u(x) can be extended as a C 2 positive function 

near 0, then u(x) is a constant multiple of ( = - T —) in R n for some x G M. n 

1 + a 2 \x — x\ 2 

and a > 0. 

When a solution u in Theorem D can not be extended as a C 2 positive function near 
0, we refer to the corresponding U(t, 6) = U (t) as a global singular positive solution 
to (J7J). Using Theorem C above, when 2k < n, U(t) is a periodic solution of (JTj) with 
< U(t) < 1 for all i 6 M and the first integral h > 0. 

Another needed estimate, generalizing estimate (jSj) from solutions to ([!]) to solutions 
to (jTJ), is drawn from Theorems 1.1' and 1.3 of [38] : 

Theorem E. ^[38]^ Suppose that u G C 2 (i?2 \ {0}) is a positive solution to ((HIJ. Then 

f \ ill , , 

(36) limsup|x| 2 u(x) < oo; 

and there exists some constant C > such that 

(37) \u(x)-u(\x\)\<C\x\u(\x\), 
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for < \x\ < 1, where 

= (nw / u (y) d °(y) 

is the spherical average of u(x) over dB\ x \(0). 

As in the previous section, in terms of t = — lnr = — In \x\, 

U(t,e)=r^u(r6) = e~^ w{t ' d \ 
)3(t) : = IS™- 1 ]- 1 / U(t,6)d9, 



n-1 



and the spherical average 

(38) 7 (t) := IS™- 1 ]- 1 / w(t,9)d6, 



of w(t,9), (1551) is reformulated as 

(39) U{t, 9)<C and e ~ 2w{m < C. 
We also derive from (|37|) that 

(40) \U(t,6)-[3(t)\<C{3(t)e-\ 
and 

(41) \w(t, 6) | := \w(t, 6) - 7 (i) | < Ce-*. 

(TJD]) is simply a reformulation of (13T1) in terms of U(t,8) and (3(t). In terms of w(t,8), 
f lip]) becomes 

| e -«=2 w (t,0)-i n/ 3(i) _ 1 | < Ce - t 



from which it follows that, for some C > 0, 



(42) |w(t, 0) H In y9(t) | <Ce-\ 

n — 2 
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Integrating over 9 G S n_1 , we obtain 

(43) | 7 (t) + In P(t)\<Ce-*. 

n — 2 

(|42|) and (p} imply (j4T|). 

We also have a counterpart to ( l22|) for positive singular solutions w(x) in the T^" class 
to ([!} on B fl (0) \ {0}. 

Proposition 1. Let u(x) be a positive singular solution to (jHIJ on B 2 (0) \ {0} in the 
class, U(t,6), (3{t), w(t,9), and 7(t) be defined above. Then for any < 8 small, there 
exists a constant C > depending on 5 such that 

(44) \V l tfi {U{t, 9) - (3{t))\ < Cf3(t)e- {1 - S)t , for all t > and 1 < / < 2, 
and 

(45) \V l tj(j (w(t, 9) - j(t))\ < Ce- {1 - S)t for all t > andl<l<2. 

We now provide an argument for (T4"5"l) . First, (1391) and the gradient estimates for 
solutions to (IE]), see [23], give a bound B > depending on I > and C in ( |39l) . such 
that 

(46) |V>M)|<R 
This obviously leads to 

|Vl,7(f)l<B, 
which, together with (HB]) . implies that 

|V^ fl)- 7 (0) | <2S. 

This estimate, together with (f4T]) and interpolation, proves fT4B]) . 

3. First proof of Theorem [H exploiting the ODE satisfied by the 

RADIAL AVERAGE 

Let u(x) be a positive solution to ((HQ) on Br \ {0} in the class, where the constant 
c is normalized to be 2 _fc (^), and 7(f) is defined as in (1381) . We first make 
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Claim 1. 



(47) 2(l- 7t 2 ) fc - 



and 

(48) e< 2fc -^ {(1 - 7 , 2 ) fc + 773(0} - e- 7 {1 + = fc, 

/or some constant h, where r]i(t), fori = 1, ■ • • ,4, /iave tae decay rate r)i(t) = 0(e~ 2 ^ 1 ~ 5 ' t ) 
as t — > oo, and 5 > can be made as small as one needs, as in f|45l) . 

We will postpone a proof for (j4"T|) and fj4*8l to the end of this section. We can think of 
liasa numerical characteristic to each potential isolated singularity. We make another 
claim relating the asymptotic behavior of u with that of 7(t), h, and k. 

Claim 2. Let u be a positive solution to (JHlJ in the class in a punctured ball Br\ {0}. 

(i) // f|T6|) holds, namely 

n — 2 

liminf \x\ 2 u(x) > 0, 

then 2k < n and h > 0. Furthermore, for some e > 0, 

(49) i_ 7 2( t )> e 

/or a// sufficiently large t. 

(ii) In tae case 2A; < n, condition (fl8|) holds, namely 

n — 2 

liminf |x|^~m(x) = 
iff h = 0; m sncn cases, we furthermore have, 

n — 2 

(50) lim \x\^~u(x) = 0, Itif) > /or t large, and lim 7(t) = oo. 

x— >0 t^oo 

Combining (i) and (ii), we see that in the case 2k < n, we always have h > 0, with h = 
iff (HID holds. 



n 



-Itt + 



n-2k 
2n ' 



:i - it 



+ m (t) \e 2k ^ = 1 + 772 (t), 
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Proof. (1491) is proved by noting that ( 1T61) and ( 1391) imply that 

(51) -C<~i(t)<C 

for some C, which, together with (H7J), implies that, for large t, 1 — 7 2 never changes 
sign, which, in turn with (|5T1) . fj46|) and (|4"T|) . implies that, for some e > 0, 1 — 7 2 > e for 
all sufficiently large t. 

The part h > in (i) can be proved in one of two ways. The first proof uses rescaling 
and compactness arguments on the translations to j(t), with the help of (15T1) . (H6l) and 
( HHj) to produce a limiting 7(t) which exists and is bounded for all £ G R and satisfies 
( TT4j) with 

e (2fc-n)7(t)(l _ ^(t))* _ e -»7(*) = h 

for the same /i. But the classification result, Theorem C, says that no bounded solution 
of f[T4l) exists for all t G R with h < 0. Since no bounded solution exists to (|14p for all 
t G R when 2k > n according to Theorem C, this argument also shows that (|T6|) implies 
that 2k < n; equivalently, (ITSl must hold in the case 2k > n. 

The second proof regards (|4"T1) as a perturbation of f|T4^) . and makes a continuous 
dependence argument, with the help of (j48l . fj49|) . and fl5T| to prove that, when h < 0, 
either 1 — 7 t 2 (t) — > as t — >• cxd, which contradicts fj49l . or 1 — 7 2 (t) — > — oo as t — >• oo in 
the case 1 — 7 2 (t) < and k is odd, which contradicts (j46p . The case h = can also be 
ruled out along similar lines by a more careful argument. 

(ITS]) is equivalent to 

(52) limsup7(t) = oo. 



So when flUD holds and 2k < n, it follows from (1321, (EES]) and directly that /i = 0. 
For the converse in (ii), when h = 0, it follows from (i) that (ITS]) must hold, thus proving 
(ii). In addition, it follows from (j48p that, for sufficiently large t, 7t(£) = can occur 
only near j(t) = 0. Together with (1521) . we see that 7t(£) > for sufficiently large t and 
lim^oo j(t) = oo. □ 

We now proceed to prove (fT51) . Our proof will handle four cases slightly differently: 
Case (a), h = 0; Case (b). h > and 2k < n; Case (c). 2k > n and h ^ 0; and Case 
(d). 2k = n and h ^ 0. Cases (a), (c) and (d) are proved by finding the asymptotics of 
j(t) directly using (l4"gj) . while Case (b) will need the help of Theorem [31 

Case (a), h = 0. Using lim^oo j(t) = oo back into (|48p . which now takes the form 



e 2fe7 {(l - l 2 tt + »»(*)} " {1 + ^(t)} = 0, 
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we see that 1 — 7 2 (t) =: r](t) — > as t — > oo. Since jt(t) > for sufficiently large t, we 
conclude that 1 — Jt(t) — > as t — > oo. As a consequence, j(t) > (1 — e)t + 70 for large 
t and some e > small and 70 . This would imply through (1481) that 

2(1 — 5) , 

\v(t)\ < Ce-^ 1 
for some constant C > and for large t. Finally, we have 

\ lt (t) - 1| = \VT^W) - 1| < Ce-^, 
from which we conclude that 

7 (t)-t = T + 0(e- 2 V lt ) l 

for some r as t — > 00. 

Note that £o(£)> the solution to (|T4|) with ft, = 0, to which ff4T|) is a perturbation, 
satisfies = t - ln2 + 0(e~ 2 '). Therefore, using also (141 p . 

0) = T (t) + 0) = + r + In 2) + ©(e - ^*), 
as t — > 00, which is ( 1151) . Furthermore 

U ( X ) = e -^m-t) = e -^(eo(t + r + ln2)- t+ 0(e-^*)) 

-Hlz^lt / 2(1-6), \ 

= u*{\x\)e oie ^ } = u*(\x\) (l + 0(e— V 1 *)] 
= «*(N) (l + 0(|x|^)) 

where 

M *(| x |) = e -^(€o(t+T+in2)- t ) 
is a positive radial solution to (jBIJ on M n \ {0}. We also find in this case that 

lim-u(x) = e~"^ T =: u(0) > 
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exists, with 



\u(x) -u(0)\ < \u(0)\ 



2(1-6). 



- 1 



2(1-5) . 



, , 2(1-4) 

< C\x\^. 



□ 



Case (b). 2k < n and h > 0. Here h is subject to the further bound 



h < h* 



2k (n-2k 



n — 2k V n 



with h* determined by 



h* := sup{h : min {e~ 2kl + he^' 2 ^) < 1}. 



Set 



H(x, y) = h + e~ 



ny 



1 — X 



2\k 



For < h < h*, H(0, ^) = has two simple roots < £ + and H satisfies the conditions 
in case (ii) of Theorem [3] with m = £_ and I — 1; for h = h*, H(0,£) = has a double 
root m = = £+, H(0,m) = and H(x,y) > satisfies the conditions in case (i) of 
Theorem [3] as well with 1 = 2. Thus, thanks to ( H71) and ( )48i) . we can apply Theorem [3] 
to conclude Theorem [1] in this case. □ 



Case (c). 2k > n and h ^ 0. As remarked earlier, (fI5|) holds, which implies fl52|) . 
implies that, for large t, ^'(t) = can occur only when j(t) is near certain finite value. To- 
gether with (l52|) . this implies ( |50l) . which, together with ( l48l) . implies that (1— jf{t)) k — > 
as t — > oo. Then the conclusions (115p and ( |T9l) are proved in almost identical way as was 
done above for the h = case. □ 



Case (d). 2k = n and h ^ 0. We first make 
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Claim 3. If e- 2w{ - tfi \dt 2 + d6 2 ) 6 T+ for all 9 G S^ 1 at some t, then 

(53) i_ 7 2(t) + / | V «;(t^)| 2 ^>0, 

where 7(t) and w(t, #) are defined as before. 

Assuming (1531) now, then (1531) . ()45l) and ( HHl) imply that < h < 1. The case h = 1 
can be ruled out after further analysis of (HHl) . We can again argue as above that ( 1501) 

holds. Then (Si) implies that (1 - 7 2 (t)) fe -»• ft as t -> oo; and e"" 7 ^) = 0(e~ at ) as 
t — > oo for some a > depending on < /* < 1. Now with 77 (t) := 1 — 7 2 (t), we find 

^(i) = ft + e - n ^ (1 + 774(0) " m(t) = h + 0{e~ at ) 

as t — > 00, and 

7t (f) = v 7 ! 3 ^) = V 1 "^ + °( e ~ a *)' 
which implies that 7(2) = ■\/^ + 7o + 0(e _Qi ), for some 70 . Similarly, £h(t) satisfies 

£h(t) = V 1 — + £0 + 0(e -crf ), for some £ - Thus for some r, we have 

7 W=^ + r) + 0(e- ai ), 

and 

u(x) = e -V^(M>M) = e -^{iit)-t+w(t,e)) ^ 
from which we find that 

^(i-Vi-Vfc) , . -^( 7 (t)-Vi-Vfct+ffi(t,fl)) 
|x| v / u(x) = e \ / , 

extends to a C a (Bn) positive function for some a > 0. □ 

We now provide proofs for (j47p . (j48]) and fl53l) in Claims 1 and 3. 

Proo/ of g7]). gZl) is derived from dHj), 0HJ) and (SS) as follows. First, with w(t,6) : = 
w{t, 6) - j(t), it follows from (jUJ) and (S3]) that 

(54) cr k (A wm ) = o k (A l(t) ) + L l(t) [w(t,6)) + r?iM), 
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where L 7 ( t ) denotes the linearized operator for cr^A^)) at j(t), and rji(t,9) satisfies 
\rfi(t,0)\ = 0{e- 2 ^ 1 ). Next, 

and 

(56) e -2ftffi(t,fl) = 1 _ 2kw(t, 9) + rj 2 {t, 6), 
where 

|^(t,0)|=O(e- 2 *). 

Putting ( 1541) . ( 1551) . and ( |56i) into (JH|), integrating over # e § n_1 , and noting that 

(57) / w(t,6)d9 = 0, 



and 



(58) / L 7(t) [«;(*, 0)]d0 = O, 

we arrive at fj47]) . □ 
Proof of f|48|) . A crude variant of fHHj) in the case 2k < n can be derived from fj47|) by 
elementary means as follows. Multiplying both sides of (j47j) by rie~ n7( ^7t(£), one has 

the right hand of which is of the order 0(e~ 2 ( 1_<s )*) as t — ► oo in the case of 2k < n, from 
(I39"|) , the gradient estimates, and the decay rates of 771 (t), It then follows that for 

some constant h, we have 

(59) e (a*-n)7W(! _ 7 2( t ))fe _ e -n 7 (t) = + 0( e - 2(1 - <5) '). 

The more precise version, (1481) . is needed only to handle the case 2k > n, or the h = 
case when 2k < n. It is derived from a Pohozaev type identity for solutions w(t,6) to 
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(JHJ) when <jfc is a constant, which takes the form 



(60) 



n 



2kov 



,{2k-n)w(tfi) 



J2 T aiHt,e)]w at (t,e)-e 



nw(t,9) 



a=l 



d6 = h 



for some constant h independent of t, where T a i[w(t,9)] are the components of the 
Newton tensor associated with crk(A w (t,6)) ■ Identities of the form fl60|) for solutions to 
([8]) were first derived by Viaclovsky in [53]. fl60|) is a version from |31j . We assume (1601) 
now and postpone a proof to the end of this section. Using (T4"T1) and (14"51) . we find that 



y^T a i[w(t, 9))w at (t,\ 

a=l 



=Tu[ 7 (t)] 7tt + L 7(t) Kt, 0)] + O^ 2 ^^; 



2k<Jk 
n 



(1 - t^))*- 1 ^ + £ 7W *)] + 0(e- 2 W), 



where L 7 ( t ) stands for the linearization at w(t,9) = 7(f) to £)»=i T al [w(t, 6 , )]w7 ai (t, 0), 

and we have used that T a i[7(£)] = 2/c<7A;<5 a i(i — 7 2 (t)) fc_1 / n - Using ( 1471) to solve for 
(1 - 7 t 2 (t)) fc - 1 7tt, we find that 



Using these in (1601 . and with estimates like (1561) . (1571) and ( 1581) . we arrive at (HHl) . in the 
case 2k ^ n, with 



2fc 1 1 



When 2k = n, flUD is covered by (1591) . 



□ 
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Proof of (155)1 . (PD is proved by noting that, if A fl (t, 9) G T+ for all 9 G § n ~\ then 



/ 4,(f,0)d0er+ 



due to the convexity of r^. In our case the matrix for the Schouten tensor of the metric 
g = e ~ 2w ^ (dt 2 + d9 2 ) is 



(61) 



A„ 



wu + w 2 - ||Vu>| 2 - § 
we lt + w e .w t 



w Wj + w t w d] 
W6i0j + w ei w dj + |(1 - | Vw\ 2 )5. 



Using w(t, 9) = j(t) + w(t, 9) and L„_i w(t, 9) d9 = 0, we find 



A g (t,6) d0 = diag[7«(t)- 



l~7 f 2 (t) 1-lKt) a(t) 



1+ 



6n(t) 6^(t)" 



where 

a{t) = { \Vw{t,9)\ 2 d9, 



But 



M*) = Y [^t(t,0)| 2 



6ii(t) = b a (t) = Y w t (t, fl^t, 9) ffl, for i > 1, 



% (*) = Y ^ (t, 0)^ (t, 0) tZ0, for i,j > 1. 



a(t)/„ 



6 n (t) 6ij-(t)" 
6<i(*) M*) 



> 



2(> 
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matrix, so 



diag[7B _i^,i^w,..,i^w ] + ^„ er . 



Computing the a± and <r 2 of this tensor as in (TT3"|) it follows that 



7«W + ^(l-7 t 2 W-aW) >0, 



and 



(l_ 7 2 (t)+a(t) ) 



l- 7< 2 (t) + a(t) + -( 7 «(t)+7 t 2 W-l) 



> 0. 



Simple algebra from these two inequalities implies ( |53l) . 



□ 



Finally we sketch a proof for f[6"Ul) . It follows from equation (3) in [21] that V a F a = 0, 
where 

ya = T a v b ( diVgX ) + 2A^ fc X a , 

for any conformal Killing vector field X a on (M,g) with ^(A^) = constant on M. We 
will take M = Rx S"" 1 , # = e~ 2w ^ e \dt 2 + cifl 2 ), and X = Thus 



(62) 



F x (t, 6)y/g(t,9)d9 = constant, 



independent of t. In addition, div 9 X = —nw t (t,9), and ( |62l) would take the form 



/ T if>™«>(*> #)e 2fau( ' ,e) + 2fccr fc j e~ nw{tfi) d9 = constant, 



which gives ([60 
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4. Proof for Theorem [2] and second proof for Theorem [Q 

We can now present our second proof for the main part of Theorem [TJ the case 2k < n 
and h > 0. Let w(t, 9) be a solution to &k(g~ l ° A g ) = 2 _fc ("), with 

= u ^(x)\dx\ 2 = e- 2wit ' e \dt 2 + d9 2 ) 

for x to be over the punctured unit ball x G B n \ {0}. It is assumed that g is in the 
class over B n \ {0}. Then w(t,6) is defined for (t, 9) G R + x S n_1 , as t = - \n\x\. It 
follows from Theorem E that (I39I) holds, i.e., for some constant C<i > 0, 

for all (t, 6) G 1R + x S 71-1 . It follows from our discussion in the beginning of the previous 
section that h > implies f|T6l) . i.e., for some C\ > 

e -2«,( t ,0) > 

for (t, 6») G M + x S™- 1 , namely, w(t, 6>) is bounded over (t, 9) ER + x S n_1 . As in [32], We 
make the following assertions about the behavior of w(t,9) as t — ► oo. 

(a) Let — > oo be any sequence tending to oo, then {wj(t,9) := w{t + tj,9)} has 
a subsequence converging to a bounded limiting solution £(t) of ( |T4l) defined for 
(t, 9) G Rx S™ -1 . The convergence is uniform on any compact subset of 1R + x 

(b) Any angular derivative dgw(t, 9) of w converges to as t — » oo. 

(c) There exists S > such that for any infinitesimal rotation <% of § n_1 , and for 
any tj — > oo, if we set A,- = sup t>0 | delist, 6*)|, and if |c?eW7j(sj, 9j)\ = Aj for some 

{Sj, 9j) G M+ x S"- 1 , then 8j < S. 

(d) dgiu(t, 9) converges to at an exponential rate as t — > oo, and 

0) - IS™" 1 )- 1 / tw(*,a;)dw| 

converges to at an exponential rate as t —>■ oo. 

(e) There exists a bounded (periodic) solution of ffT4|) and r > such that 0) 
converges to ^(t + r) at an exponential rate as t — > oo. 

(a)-(e) are proved along almost identical lines as in the proof for Proposition 5 in |32j . 
provided some analytical preparations are established. In our case here, proofs for (a) 
and (b) can be provided using the local derivative estimates of [23J for solutions of ([7j) 
and the classification result in reformulated as Theorem D above; proofs for (c) , 
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(d) and (e) will need an analysis of the linearized operator of (JEJ) at a radial solution 
as characterized by Proposition [2] below. We remark that an alternative proof for 
(d) without using the analysis of the linearized operator is in fact already contained in 
(HID and (1151). 



To compute the linearized operator of (jSJ) at a radial solution £(t), we use (IBTj) . When 
w(t, 8) = £(£), A g becomes a block diagonal matrix 



1(1 " I6| 2 )^, 



When we linearize erfc(A s ) at such a block diagonal matrix, the coefficient matrix con- 
sisting of the coefficients of the Newton tensor 



T — 1 zh-ik-ii A . A. 



is also diagonal: 



n 



n-l\ 1 



i J^-it 



while for i > 2, 



1 it 



n-\\ {n-k){\-W*) k -i /n-2\ (l-fe| 2 ; 
fe-V 2 fc " 1 (n-l) \k-2j 2 fc " 2 



&t + ~fe 2 -l} 



n - 1\ (1 - |6 



|2\fc-2 



k — l) 2 k ' 2 (n- 1) 



(*-!)&+ — = — (1-I6I 2 ) 



ASYMPTOTIC BEHAVIOR OF SOLUTIONS TO THE cr fc -YAMABE EQUATION 29 

So the linearization of <Jk(A g ) at g = e~ 2 ^^(dt 2 + d6 2 ) is 

L^) = T n (i) [Mt, 0) + 9)] + *) - *)] 

= T n {t)(j> tt {t, 6) + [T n (t) - (n - l)T 22 (t)] 0) + T 22 (t)A e 0(t, 0), 



where 



(63) 
(64) 



A(t) 



(^-i)6t(*)+ ! ^(i-i6(t)r) 



(65) 



C7(t)^^) + ^ 2 " + 1 1 " l6(t)|2 



n — 1 



n — 1 



When £(£) is a solution to cr^g 1 o A g ) = const., normalized to be 2 fc Q), the lin- 
earization of the nonlinear PDE (JHJ) at £(£) is then 



If we take the projections of <f>(t, •) into spherical harmonics: 



(p(t,9) = (f)j(t)Yj(8), where Yj(9) are the normalized eigenfunctions of Aq on L 2 (§ n 1 ) 
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then <j)j(t) satisfies the ODE 

(66) L,^ := # t ) + + {-A 3 |§ + M(f) ^ ))M } AM = 0, 

where Aj are the eigenvalues of A e on L 2 (S n ~ 1 ) associated with Vj(0), thus 

Ao = 0, Ai = • • • = A n = n — 1, Aj > 2n, for j > n. 

Similar to properties of the linearized operator to the scalar curvature operator used in 
[32] , we have the following properties for the Lj's. 

Proposition 2. For all solutions to (JHJ) with h > 0, k < n, and j > 1, the 

following holds: 

(i) Lj[<f>] = has a pair of linearly independent solution basis on R 7 one of which 
grows unbounded and the other one decays exponentially as t — > oo; 

(ii) Any solution of Lj[(f)] = which is bounded for M + must decay exponentially; 

(iii) Any solution of Lj[(f)] = which is bounded for all o/M must be identically 0; 

(iv) Any solution of Lj[<f>] = which is bounded for all o/R + must be unbounded on 
R-. 

These conclusions remain true for solutions ^(t) to (|14p toit/j h = and Aj > 2n. 

While Proposition [2] is sufficient for providing a proof for Theorem [TJ Theorem [2] re- 
quires some more detailed knowledge about the linearized operator to (jSJ). More specif- 
ically, the decay rates of bounded solutions to Lj [(/)] = on R + need to be faster than 
er l when Aj > In. Lj is an ordinary differential operator with period coefficient, so, by 
Floquet theory, has a set of well defined characteristic roots which give the exponential 
decay/grow rates to solutions <fi of Lj[(f>] = on R, see, for instance, Theorem 5.1 in 
Chapter 3 of [13]. In fact, Theorem 5.1 in Chapter 3 of [15] and (5.11) on p. 81 of [T3] 
applied to Lj implies that Lj[<f>] = has a set of fundamental solutions in the form of 
e Pit pi(t) and e~ pjt p2{t) for some periodic functions p\{t) and p2{t), when pj ^ 0. We 
have the following 

Lemma 1. When 2k < n and h > 0, there is a (3* > V2 such that for all Aj > 2n, the 
associated pj satisfies pj > /3* . 

We can also formulate and prove a version that does not need Lj to have the structure 
to apply the Floquet theory. 

Lemma 2. Define 
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Then 

(67) v{t)L [v-\t)m] = Mt) + mm, 

where we can estimate E(t) < —C n < —2 when Xj > 2n and 2k <n. As a consequence, 
when (3 2 < C n , e~ /3t V A_1 (t) satisfies 

Ljie-^V- 1 ^)] = [(3 2 + E{t)] e-^V-'it) 

is a supersolution to Lj[(f>] = on R + ; therefore when 2k < n and h > 0, for any 
(3 < (3* := \JTTn, and for all Xj > 2n, any bounded solution (ft of Lj[<f>] = on R + satisfies 

m)\<e- pt - 

Remark. Lemma U\ is an immediate consequence of ( |67l) in Lemma [3 It is not im- 
mediately clear that the characteristic roots pj of Lj are monotone increasing as the Xj 
increases. But in the case 2k < n and h > 0, ( 1671) allows a variational construction of a 
bounded (in fact, decaying) fundamental solution to Lj[<p] = on M + which is positive. 
Thus in such cases comparison theorems show that the pj indeed is monotone increasing 
as Xj increases. 

With such knowledge, we can now establish 
Proposition 3. Suppose that <p(t, 9) satisfies 

(68) Lz(<P) + 2 1 - k k(^Je- 2km (f)(t,9) =r(t,8), for t > t and 9 e S"" 1 . 

Suppose that for some < (3 < (3* and (3^1, \r(t, 9)\ < e~^*. Then there exist constants 
a j f or 3 ' — 1) ' " ' j n ; such that 

n 

(69) \<f>(t,e)-J2w t (i + UtWM 

i=i 

In fact, when /?* < [3 < p n +i, (169|) continues to hold, and when [3 > p n +i, we will have 

n 

(70) m,9) - 5> e -*(i +mwm\ s ^ Pn+it - 

3=1 
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When (3 = 1, ( 1691) continues to hold if the right hand side is modified into te t ; and when 
(3 = p n +i, 11701) continues to hold if the right hand side is modified into te~ pn+lt . 

We now first prove Proposition El then provide a proof for Proposition [3] and Theo- 
rem El while deferring the proof for Lemma El to the appendix. For j < n, (i) — (iv) of 
Proposition El follow from an explicit solution basis to (1661) ; for j > n + 1, the arguments 
in [32] relies on the sign of the coefficient of the zeroth order term of Lj to be negative. 
Our computations below verify the same properties for the o~k curvature problem when 
k < n, although we will only use these properties for the case 2k < n here. 

since f(t) satisfies flUD, with a k = 2~ fc ("), QH} becomes 



(71) 



2(1 -e, 



2\fc-l 



+ «?) 



1. 



Due to the translation invariance of ( 17T1) in t, 0q = d t £(t) is a solution to ( 1661) for Ao = 0; 
since is another family of solution to (17T1) . we find 0q = dh^hif) to be another 



solution to (1661) for Aq = 0. Differentiating the first integral e^ 2fc n ^(l — £ 



2Nfc 



with respect to t and h, respectively, one finds that {4>o(t), O (*)} * s linearly independent, 
thus forms a solution basis to (1661) for A = 0. 

Proof of Proposition^ For h > 0, and Xj = n — 1, which corresponds to = we 
claim that 

[1 e* and [1 + e"* 

form a basis to ( 1661) . This is due the translation invariance of (J7J): if u(x) is a solution 
to (j7j), so is u(x + a) for any a G M n . In terms of w(t, 9), this means that 



w a (t, 6) := — In |x| 



n-2 



hxuix + a) 



is a solution to (jHJ). Thus d aj \ a =ow a (t, 6) is a solution to the linearized equation of ^ 
But when w(t, 6) = £(£), we have 



<9a,|a=0W a (M) 



n-2 



ct. lnw(x) = d x , [In |x| + w(t, i 



Xj +W)^- = [1-W)]e'^. 



9xi 
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Thus [1 — <9f£(i)] e* is a solution of ( |66i) with Xj = n — 1. Since we have normalized £(£) 
such that it is even in t, we find that [1 + e~* is another solution of ( 1661) with 

Aj = n — 1. {[1 — 9t^(t)] e*, [1 + <%£(£)] e~*} becomes linearly dependent only when they 
are identical (as they are both equal to 1 at t = 0), which is the case only when d t £,(t) = 
tanh(t) and h = 0. When h > and k < n, one can use the asymptotic expansion in 
[8] to see that [1 — dt£(t)] e* is exponentially growing. When h > and 2/c < n, this 



can be seen more directly: the solution £(£) has the bound C h 1 < 1 ± < 
for some Ch > 0, so {[1 + d t £(t)) e~*, [1 — d t £(t)] e*} forms a solution basis for (IBBT) with 
Xj = n — 1, with one exponentially decaying and the other one exponentially growing, 
and the conclusion of the Proposition in the case Xj = n — 1 follows from the explicit 
basis. 

For Xj > 2n, we will verify that 
(72) the coefficient of <pj in (1661) has a negative upper bound. 

Assuming (1721) for now, we sketch a proof for properties (i)-(iv) of Lj for the case Xj > 2n. 



The key is to check that for < A small, e ±xt are supersolutions of Lj[e ±xt ] < 0. This is 
because 



Lj[e ±xt ] = A 2 ±A 



(n 



A{t) 



m-^ + ne-^i 



i-e, 



2\l-k 



and it follows from ( 1721) that for Aj > 2n, 



-Xj^ + ne-^-$r k 



has a negative upper bound. Furthermore, using (]7ip . we have 



n — 1 



n — 1 



n(Jfe - 1) 
'Jfe(n- 1) 



-2fcf 



2(1 -6 2 ) 



2U-1 



n-2k 
2n ' 



2(n — 1 



ra(fc - 1) e" 2A * (n-fc)(l-^ 2 
: 2fc(n-l) (1-& 2 )* -1 + 2fc(n-l) 
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Thus 



C(t) _ n{k - 1) e" 2fe « (n - k) 
A(t) ~ k(n - 1) (1 - $) k + k(n - 1) 

n(k — 1) e~ n ^ (n — k) 
~ k(n - 1) + h + k(n - 1) 



is bounded from above. Here we used the first integral e^ 2k n ^(l — £ f 2 ) fc = e n ^ + /i and 
as a consequence £ > 0. 

It is now clear that we can choose A > small to make Lj[e ±xt ] < for all i el. 

Now fix such a A > 0. We claim that if is a bounded solution of Lj[(j)] = on R , 
then 

|0(i)| < |0(O)|e- A(±t) for all tGM ± , 



which then implies (ii). This is because for any e > 0, |0(O)|e~ A ^ ± *- ) + ee A ^ ± *- ) is a su- 
persolution of Lj on R*. So if is a bounded solution of = on R*, then by 
comparison principle, 



\<f>(t) | < |0(O) \e- xi±t) + ee x{±t) for all teM ± 

For any fixed t G R 1 * 1 , since the above estimate holds for all e > 0, we can send e to 
to verify our claim, (iii) now follows from (ii) and the maximum principle, and (iv) 
obviously is a direct corollary of (iii). 

Next, any Lj has a pair of linearly independent solution basis {0i(t), (/>2(t)} on R. If 
both are bounded on R + , and a and b are such that a0i(O) + 602(0) = 0, then our claim 
implies that a<f>x(t) + bfait) = on R + , contradicting their choice. 

It remains to establish that there is a nontrivial solution of Lj[(p] = bounded on R + . 
Since we have verified that Lj is uniformly elliptic on R + and satisfies the maximum 
principle there, we can establish the desired existence by a convergence argument for 
solutions which are constructed on a sequence of finite intervals that exhaust R + . 

Finally we come back to verify (1721) . Since 1 > 1 — £ 2 > by Theorem C (this is also 
true for k — 1), we see that, when \j > 2n, the coefficient of 4>j(t) in (loll is bounded 
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A, 



n(k-l) 



+ 



(n — k) 



k(n-l)(l-$) k fc(n-l) 



+ 



ne 



-2fc£(t) 



(i-^W)*" 1 



< - 2n 



n{k - 1) e~ 2fcg (n-k) 
k(n-l)(l-&) k + k(n-l) 



+ 



ne -2K(t) 

(i - mr- 1 



2ne~ 2k ^ 



(n -!)(!-£)* 



n(k-l) (n-l)(l-£) 



2n(n — k) 
k(n-l) 



< - 



2ne~ 2k ^ 



n n 1 
2~k + 2 



2n(n — k) 
k(n- 1) 



2n(n — fc) 

< -^i/ <0 - 



when n > k > 2; when fc = 1, the above estimate gives 



A, 



n(k-l) 



+ 



[n — k) 



k(n- l)(l-& 2 ) fc fc(n-l) 



+ 



ne 



-2fc£(t) 



fc-1 



< - 



2ne" 2fc «W 



(n -!)(!-£)* 



ra(Jfe-l) (n-l)(l-& 2 )] 2n(n-Jfe) 
fc 2 J ~ fc(ra-l) 



[ e -2C(*) _ 2 ] < 



as £(£) > 0, which follows from the first integral 



e -W) + ^(n-^W = i _ g( t ) < i 
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with h > 0; while for k = n and h = 0, the above estimate gives 



n(k — 1) e 2fe? (n — k) 



A;(n-l)(l-a fc fe(n-l) 



+ 



ne 



-2k4(t) 



(1 -#(*))*" 



< - 



2ne -2<(t) 



(1 " g 



< 



ne 



-2n£(t) 



(i -my 



- n. 



from the first integral 



Next is a proof for Proposition [3j 
Proof for Proposition Define 



□ 



fee) = cf>(t,9) -y,*awmw\ 

3=0 



where <f>j(t) := iij[(f)(t,9)} is the L? orthogonal projection of 4>{t,9) onto span{Yj(0)}. 
Then 



(73) / (f>{t,e)Y j (e)de 



V(j)(t,6)-VY j (6)d6= / A g Yj(6)(f)(t, 6) d0 = 0, 



for j = 0, • • • , n. As a consequence, 



A <j>(t,e)<j)(t,e)de = - / |v e 0(t,^)| 2 ^, 



(74) 



1 d 



(/> t (t,e)(f>(t,e)do= / Mt,omt,o)de = -- \<f>(t,e)\ 2 de. 



2" 
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In the following we will prove separately the expected decays for <f)(t,9) and 4>j{t) : = 
7Tj[4>(t, 9)], for j — 0, 1, • • • , n. We first estimate 4>j(t) = itj[<f>(t, 9)) for j — 0, ••• ,n. 
Multiplying both sides of ( 1681) by 



[l-Ut)\ 2 ) k - 2 fn-l 



)k-2 



k-1 



A(t)\ Yj{6) 



and integrating over 9 e S n , we obtain 



(75) $(t)+!j|^(t) + 



ne' 



-n£(t) 



e -nf(t) + 



(l-^W)-A. 



C(f) 
A(f) 



where 



^.(t) = / r(t,9)Yj(9)d9. 



For j = 1, ■ • • ,n, X, = n - 1, and fc{t) := e~\\ + £'(*)), <f>t{t) 
solution basis to the homogeneous equation 



e*(l — £ (t)) form a 



- , . Bit) ,r , . 

w + ^ w + 



ne 



-«€(*) 



(1 " Hit)) - (n - 1) 



</>(t) = 0. 



Since is a solution to ([75]) and 4>j(t) — > as t — > oo, by the variation of constant 
formula, 



(76) ( j )j (t)=c^(t) + ^(t) 



WAs) 



for some constant c, where 

w 1 ( s ) = <j>t(t)<i>i(t) - fciWt'it) 

is the Wronskian of {<f>\ (t) , <f>t (t)} , and satisfies 
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Integrating this equation out, using 



B(s) _ (2k -n n(k - 1) e~<^ 



k e -<M + h 



£00 



we find 



= (const.)e^W (e~ n ^ + h) 



k-l 
k 



is a periodic function, having a positive upper and lower bound. According to our 
assumption on the decay rate of r(t, 9), we have 



|ri(*)|<Ce-*. 



Thus 



WAs) 



ds 



< / e-^ s ds < e"( 1+ ^, 



from which we deduce that 



< erf*. 



When (3 ^ 1, we also have 



o ^i00 



from which we deduce that 



#r(*) 



Putting these estimates into (176)1 ; we have 
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When (3 = 1, ( 1761) gives the modified estimate. 
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For j = 0, 0o"(t) := £h(t) anc ^ 0o (*) := dh£,h{t) also form a solution basis to the 
homogeneous equation 



(t) + ^ (t) + 



ne 



-n£(t) 



e -n$(t) _|_ /j 



(i-e t 2 (0) 



</>(*) = 0. 



Since cj) (t) is a solution to ([75]) and 0o(t) — > as £ — > oo, a variant of (1751) gives: 



(77) 



m = - ra(t) r «w A + (t) r m 



Wb(s) 



where 

Wo(a)=^)^b'(*)-^(*)^(*) 
is the Wronskian of {(p^ (t) , (pQ (t)} , and also satisfies 



<{*) = -fjf^o^). 



Thus, as for Wi(s), W (s) is a periodic function, having a positive upper and lower bound. 
Let T(h) denotes the minimal period of the solution Then ^(t + T(h)) = £h(t). 

Differentiating in h, we obtain 



{7i 



o "(t + T(h)) + T>)e;(t + T(h)) = O (t), 



which implies that 0q~ (t) grows in t at most linearly. Then (1771) would imply that |0o(*)| ^ 
te _/3 *. This is not quite as claimed, but is good enough to be used in our iterative 
argument in proving (liZUj) . To obtain the more precise estimate ( 1691) . note that (1751) 
implies that 



pit) ■= (*) + !$|*&(*) = 0o (*) + ^y^o w 
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is T(h) periodic — such behavior can also be deduced from the application of Floquet 



theory to this case. Thus we can express (f) (t) as p(t) — - t^j} (t) in (177)) to obtain 

T\h) \ f°° ^(s)fb(s) + r 00 - w s< ^o 0)) 



from which follows |0o(^)| ^ e _/3t . 



Finally, we estimate the decay rate of <p(t,9). This part is analogous to an approach 
in J5U|. Multiplying both sides of ([SS]) by 



2 k - 2 V k - 1 
integrating over G S™" 1 and using (173)) and (174)) . we find 



^Mt,$)<KW) + j^Mt,o)<f>(t,e) + e _ <(t) — (i - ^(t))|0(t ; g)| 2 }> ,w 



(79) 



where 



V e <l>(t,6)\ 2 d6= / r(t,Q)(j)(t,6)d9, 



n-l 



^ H (id|^(» : ; M(t) > r(t , e)xr(t , 
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Defining 



y{t) = x j / \<l>(t,e)\*M, 

Ign-l 



then 



y(t)= / <j) t (t, 6)<t>(t, 6) dO/y(t), whenever y(t) > 0, 



and 



y(t)y (t)= / \Mt,WW) + \Mt,o)r\M-\v(t)\' 

/gn-1 



Cauchy-Schwarz inequality implies that 



\y(t)\ 2 < / \Mt,o)\ 2 de. 



Using these relations and 



\Ve<P{t,9)\ 2 dd > 2n / \4>(t,9)\ 2 d9 



into (179)) . we obtain 



y(t)y"(t)+^y(t) y '(t)+ 



ne 



-»*(*) 



e -n£(t) _|_ ft 



(l-^ 2 (t))-2n 



A{t) 



y 2 (t)>-\\r(t,-)\\ L 2 (sn 



whenever y(t) > 0, from which we deduce 



!/(*) > -\\r{t,-)\\ L 2 [& 
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whenever y(t) > 0. According to our assumption on r(t, 9), we have 



|f(V)IU*(s«-i) < Ce-f* 



for some constant C > 0. By ([6 



a tt + #k 



-2n 



ne 



£<(*) 

^ e-<W + h 



{V-\t)e- pt ) 



< (p 2 + E) V-\t)e-^ < -eV-\t)e 



for some e > when j3 < So z{t) := Ce ^max V)V 1 (t)e & satisfies 



(81) 



C(t) ne 



A(t) e-^+h 



{z(t) - y{t)) < 0, 



whenever y{t) > 0. We also know that y(t) — > as t — * oo. We may choose C > 
large so that z(0) > y(0). Then we claim that z(t) — y(t) > for all t > 0, for, if not, 
min(2:(t) — ?/(£)) < is finite, and is attained at some £*, then > z(t*) > 0, so (1HT1) 
holds at i = £*, and d t (z(t) — y(t))\ t =t, = 0, as well as d tt {z(t) — y(t))\ t=tf > 0. This 
contradicts flHTT). Thus we conclude 



|0M)| 2 dfl = y(t) < Ce- L (maxV)V-\t)e 



We can now bootstrap this integral estimate to obtain a pointwise decay estimate 



lJM)|<e-#. 



When /3 > /?*, we can simply split those components </>.,■ of with Xj = 2n from (j)(t, 9), 



and estimate them as we did for (j>j, j = 0, • • • ,n, and estimate (f)(t, 9) with an improved 
exponential decay rate. □ 
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We now provide a proof for Theorem [2j Our proof is very much like the one in 
for the k = 1 case, once we have obtained the needed linear analysis. 

Proof of Theorem Our starting point is still 

+ W) + 2kce- 2k ^ t+T ^(t, 9) = 0, 

and our premise is: 

(82) \Q(<f>)\ < e- 2at whenever we have \<f>, d(f>, d 2 (f)\ < e~ at . 

We already established 

Step 1. For some a Q > 0, |0,<9</>,<9 2 0| < e~ Q °*. 

If ao > Pn+i, we stop and have now proved \w(t,9) — £h(t + t)| = \<p(t,8)\ < e~ pn+lt , 

where p n+ i > if 1 < oto < p n +i, we jump to Step 3; if oto < 1, we move onto 

Step 2. Recall that we now have |Q(0)| < e~ 2aot . If 2a > p n +i, then we can apply 
Proposition [3] directly to conclude our proof; If 1 < 2«o < p n +i, then we certainly still 
have |Q(0)| < e~ 2at for some 1 < 2a < p n+ \ and can apply Proposition [3] to imply that 



(83) \w(t, 9) - Ut + r) - %e- (t+T) (l + &(t + r))^.(0)| < e 

3=1 



2at 



for some constants a,j for j = 1, • • • , n, and jump to Step 3; if 2«o < 1, we may take «o 
to satisfy 2«o < 1 and apply Proposition [3] to imply that 



W, 9)-J2 a.e-^Kl + C(t + r))Y 3 {9)\ < e~ 2 ^ 

3=1 

for some constants cij for j — 1, ■ ■ ■ , n. This certainly implies that 

(84) \<j>(t,9)\ <e~ 2aot . 

Next we use higher derivative estimates for w(t, 9) and ^(t + r) and interpolation with 
AMD to obtain 

|0,50,9 2 0|<e- 2a,i 
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for any a' < atQ. Now we go back to the beginning of step 2 and repeat the process with 
a new a± > ao to replace the «o there, say, a± = 1.8«o- After a finite number of steps, 
we will reach a stage where 2a > 1 and ready to move onto 

Step 3. At this stage, we have \<j)(t, 6)\ < e~*. Repeating the last part of Step 2 
involving the derivative estimates for w(t, 9) and ^(t + r) to bootstrap the estimate for 
Q{4>) to |Q(0)| < e~ at , with a can be as close to 2 as one needs. Then, depending on 
whether p n+1 > 2 or otherwise, one can apply Proposition [3] to obtain fl69l) or flTDl) . In 
the first case, we can continue the iteration until 2a > 2. But due to the presence of 
e ~( t+T )(l + {^ h (t + T ^Yj{6) in the estimate for </>, the estimate for Q(<p) can not be better 
than e~ 2t . This explains the appearance of min{2,p n+1 } in (12"U1) . □ 

5. Proof of Theorem [3] 

Remark. First, some comments on the assumptions in Theorem^ 

(a) . Assumptions ( |32|) and (1331) imply that whenever (3 ' (Tj) = and \(3(tj) — m\ < e 1; 

then |/3(tj) — m\ is in fact bounded above by e-i^Jj) 1 ^ ■ 

(b) . In the case that ip is non-constant, it follows that 

|/(0,m)|=o>0. 
Thus there exists < e 2 < €\ such that 

(85) \f(x,y)\>3a/A, for all (x , y) with \x\ + \y — m| < e 2 . 
Lei T fre s«c/i that |ei(t)| < a/4 /or t > T . Tnen 

(86) |/3" (J) | > a/2, whenever \(?(t)\ + \f3(t) - m\ < e 2 and t > T . 

(c) . ffy linearization at ip(t** + •), tnere exists B > depending on f , T and the upper 

bound of |/3(-)| + \(3 (-)| sitc/t £/ta£ 

|/3(t* + r) - ^(t** + r)| + |/3' (*♦ + r) - V>'(t** + r)| 

(87) 

<B (\P(U) — -0(***)i + -V'(***)l + |t maX 2T |ei(t)|^ 

/or a// — 2T < r < 2T. One ingredient of our proof in case (ii) is to find a 
sequence of Tj — > oo with Tj+i — Tj m T as j — > oo, such that /3 (tj) = and 
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\(3{Tj) — m\ — > as j — > oo. Then applying ( 1H7I) to f3{jj + r) and ipij) would 
imply that 



( r . + r ) _ ^,( T )| + \p ( r . + r ) _ ^ ( r )| < 5 ( _ m | + max lei^- + r) 



/or < r < 2T. 

Here is an outline of the main steps in our proof: we first use (1291) . ( J571) and (|86l) to 
deduce that j3{t) will have critical point for large t with its critical value close to m; then 
use (a) to prove that the difference between the critical value of (3(t) with m is actually 

bounded above by e2(£) 1// '; then we can iterate this argument indefinitely and account 
for the possible time shift between consecutive times that (3{t) attains a critical value 
near m. We can now put the ingredients together to provide a complete proof. 

Proof. First, for some 1/2 > k > to be determined, by (1291) and flH7|) there exists 
t io > Tq such that 



(88) \P(t l0 + t) - $(-s + r)| + |/3' {t io + r) - ^'{-s + r)| < «e 2 for |r| < 2T. 
First, we will dispose of case (i): when ip{t) = m is a constant, (!3l!) and (|33j) imply that 

(89) |/?'(t)|' + |/?(t)-m|'<A- 1 e 2 (t), 



as long as \0 (t) \ + \(3{t) — m\ < E\. This, together with (1851) . apparently implies that 
continues to hold for all t > T . So we are left to deal with the case that ip{t) is 



non-constant. Noting that ip(0) = m and ^'(0) = 0, we have by (1551) that 

\f3(t io +s)-m\ + |/?' (t io + s )\< Ke 2- 
We now prove that there exists 5q with \5q\ < 2a~ 1 \f3' (t io + s)\ such that 



(90) 



f3'{t io + s + 5 ) = 0. 
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Let A = sup R {|V''(*)|,|V'(*)|}- Th en 



(91) 



|V(t) - m| + |^'(r)| < 2A|r| < e 2 /2 



for |r| < e 2 /(4A). Together with fl88l) and fl9TT) . we know 

|/9(*io + s + r) - m| + \(3'(t io + s + r)| < e 2 , for |r| < e 2 /(4A). 
Thus, by ( 1861) . we have \(3 (U + s + r)| > a/2 for |r| < e 2 /(4A). Then by elementary 



provided k is chosen to satisfy the last inequality above. We fix such a k now. Set 
To — U + s + ^o- Note that we have |/3(t ) — m\ < e 2 . Thus from assumption (1321) . we 
have 



A|/5(ro)-m| z = ^(r )-V(0)|' 

< 1^(0,^)) -^(0,^(0)) | 

= |F(/3'(t ),/3(t q ))-F(^(0)^(0))| 
= |F(^'(ro)^(ro))-0| 

< e 2 (r ), 



calculus, there exists 5q such that f3' (U + s + 5q) = and 



(92) 



\5 \ < 2a- 1 \f3\t i0 + s)\ < 2a- l Ke 2 < e 2 /(4A), 



which implies that 



(93) 
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|/3(t + t)-^(t)| + |/3'(t + t)-^(t)| 



< 5 |/3(r )-m|+ max | ei (t)| 

(94) V T <t<r +2T 



for < r < 2T. Repeating the above argument, and in choosing T also make sure that 



for r > T , we obtain 5i such that T\ = r + T + 5 X satisfies 



(95) /3'(ti) = 0, 

(96) |5 X | <2a- 1 |/?'(r + T)| < 2a" l S M + ro< ^x Jei(t)| j > 

(97) |/3(ri)-m|< 
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We can now inductively find Tj = Tj_i + T + Sj such that 
(98) /?'(r;) = 0, 



(99) 1^1 < 2a- 1 |/3'(r,_ 1 + T)\ < 2a~ 1 £ ((^f^) 



+ max |ei(t)| 



Tj-l<t<Tj-l+2T 



(100) \(3{Tj) -m\< 



(101) 



>> x A 

r,- + r)-V(r)| + |/3'(r i + r)-V' (V) 
<5 ( |^(rj) - m| + max | e x (t) | 



<B ( ( ) + max_|ei(t)| 



for < t < 2T. Set Sj = Tj — jT. Then Sj = Sj-i + Sj, and due to estimate fl99|) and 
assumption flMl) = lim^oo Sj exists and equals s + Y^=i (HOH) can be rewritten, 

with t = Tj + t, as 



\P(t)-^(t- Sj )\ + \P(t)-iP(t-Sj)\ 

-.\(3(t)-^(t-Tj)\ + \(3'(t)-^'(t-Tj)\ 



<B I I ( ^-1) ' +max| ei (r)| i &t 



A 



t'<T 
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for Tj <t < Tj+i, which further implies that 



(102) 



\P(t)-if>(t- Soo )\ + \P (t)-V(*-Soo)| 



<\p(t) - ij){t - Sj )\ + I/?' (t) - ^'{t - Sj )\ + |VC* - s -) - - sj) | + 1-0' C* - s oo) - 



i4 



i/i 



+ max |ei(t)| J + A|soo — Sj 

7j<t<Tj +1 



<B 



<c 



e 2(t') \ ^ I /Ml, 

— - — I +max|ei(r)| ) at 

A J t'<T 



for some constant C > and Tj <t < Tj+%. (|99|) and our assumption (1341) imply that the 
expression on the right side of the above inequality tends to as j — > oo, thus proving 

(ESD. □ 



6. Appendix 

Proof of Lemma® Introduce a new variable ^(t) = V(t)(f>(t) for some V(i) to be chosen. 
Then 



V(t)Lj[ 



-4u{t) + 



1 - (n- 1) 



C7(t) 
A(t) 



6(t)-2^^,(t) 



+ 2 



|V'(i)| 2 V"(t) V'(t) 



V(t) 2 V(t) V(t) 



1 - (n - 1) 



(!"£(*)) 
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C{t) 



Choose V(t) such that 



l-(n-l) 



Ait) 



£ t (t) - = 0. This amounts to 

V (t) 



(2\nV(t)) t 



1 - 



n — k n(k — l)e 



-»*(*) 



k k{e~<W + h) 



Thus we can take V(t) = e (1 -^ )5(t) { e - nm + h) 2k . Then 



and 



Using 



, V"(t) , C(i) ne-^W , _ 2/ „ , 

* (t) + **fr + " tf (t)) ^ *<*> 



where 



=Mt) + E(t)i/>(t), 



E(t) 



V(t) 3 A(t) e- n W + h 



v"(t) 

V(t) 



n_ _ n{k - l)e~ nm 
~2k~ 2k(e~<V + h) 



+ 



n 2 {k-l)he~<\£\ 
2k(e-<^ + hf 



n(k - l)e-<W 
2k 2k(e~<V + h) 



1 U 



Suit) = Yk e ~ 2km{l ~ m) " k - " ^ 



and 
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3 (2fc-n)C(t), 



l-g(t)) k = e-*® + h, 



we have 



v"(t) 

V(t) 



(2k - nf n(n - 2k){k - 2)e~<^ n 2 {k - 1) ( e~ n ^ 



Ak 2 Ak 2 (e~ n ^ + h) Ak 2 \e~ n W + h 



n 2 (k-l)he~ n ^'\ 2 
+ 2k(e- n W + h) 2 + 



, n _n(k- l)e~ n W 
~2k~ 2k(e~ n ^ + h) 



-'\2 



(2k -n) 2 n(n-2k)(k-2)e- n ^ n 2 (k-l)( e~ n ^ 



Ak 2 



+ 



Ak 2 {e-<W + h) 



Ak 2 V e-^W + h 



(2k -n) 2 n(n - 2k)(k ~ 2)e~<^ n 2 (k - 1) ( e~ n ^ 



Ak 2 



Ak 2 (e~ n ^ + h) 



Ak 2 V e-<W + h 



n 2 (k-l)he~ n t 
' 2k(e- n ^) + h) 2 



n n(k- l)e~ nm 
~2k~ 2k(e- n ^) + h) 



(2A;-n) 2 n(n - 2fc)(fc - 2)e~ n ^ n 2 (A; - 1) / e^ n 



Ak 2 



+ 



Ak 2 (e~ n ^ + /i) 



Ak 2 V e-^W + h 



+ 



n 2 (k - l)he-< n(n - 2k)e~ n ^ n 2 (k - 1) ( < 



2jb(e-^(*) + h) 2 Ak(e~<^ + h) Ak \e~ n ^ + h 



Since we are interested in getting an upper bound for E(i), and it's not easy to find more 
useful bound for terms of the form (negative factor) |£'| 2 , so will drop such terms in our 
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estimates and obtain, in the case 2k < n and Xj > 2n, 



(2k -n) 2 n(n - 2k)(k - 2)e~ n ^ n 2 (k-l)( e~<^ 1 
® - 4k 2 4P(e-<« + h) + Ik 2 + h 

2n(n-k) 2n 2 (k-l) e - nm 
~ k(n - 1) ~ k(n- l)( e -<W + h) 

(2k - n) 2 2n(n - k) 
4P k(n - 1) 

n(n-2k)(k-2) n 2 (k - 1) 2n 2 (A; - 1) 1 e~ n «W 



< - 



4fc 2 4fc 2 fc(ra - 1) J e-<W + /i 

(2k -n) 2 2n(n-k) 2(n + 3)fc 2 - 4(n + l)k - n(n - 1) ne -r *W 



4A; 2 fc(n-l) 4A; 2 (n - 1) e~ n ^ + h' 

When 2(n + 3)A; 2 - 4(n + - n(n - 1) > 0, we obtain 

. (2k — n) 2 2n(n — k) / n \ 2 2n /n \ 2 
E(t) < -± — ^ = - ( — - 1 ) ( - — 1 ) < —2 



4fc 2 k(n — l) \2k J n-l\k J" n-1 

provided 2k < n; while if 2(n + 3)k 2 — 4(n + — n(n — 1) < 0, we obtain 

(2k -n) 2 2n(n-k) -2n(n + 3)k 2 + An(n + l)k + n 2 (n - 1) 
^ - 4P fc(n - 1) + Ak 2 (n- 1) 

n + 1 , 



In all cases we conclude the proof of Lemma [2j □ 
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